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Theoretical Analysis of Bioassays Based on
Microlaser Ensembles

Weishu Wu and Xudong Fan

Abstract—We present a bioassay platform based on microlaser
ensembles, offering a sensitive assay method with a high dynamic
range. In this platform, microlasers are functionalized to capture
analytes. The captured analytes introduce quenchers, thus increas-
ing microlasers’ lasing thresholds and even turning off microlaser
emission. We develop a theoretical model to count the number of
quenchers and hence the number of captured analytes for micro-
lasers by measuring their lasing thresholds. A statistical model
is established to link the distribution of captured analytes to the
lasing fraction of microlasers. Fundamentally different from digital
ELISA, in which a microunit (such as a microbead) saturates when
more than one analyte is present, the microlaser-based method
can perform multiple quantized signal readouts by scanning the
external pump across the lasing threshold. Therefore, this platform
does not require the average number of analytes per microlaser be
much lower than one, thus achieving a higher dynamic range. The
detection limit and the factors that may affect the detection limit
are also discussed.

Index Terms—Bioassays, microlasers, laser quenching, micro-
laser ensemble.

NOMENCLATURE

n1,Gain Density of the laser gain molecules in the excited
state.

nT,Gain Total density of the laser gain molecules in the
microlaser.

nq Quencher density at the lasing wavelength.
se,Gain Emission cross section of the laser gain molecules

at the lasing wavelength.
sa,Gain Absorption cross section of the laser gain molecules

at the lasing wavelength.
sa,q Quencher’s absorption cross section at the lasing

wavelength.
L Intrinsic single-trip laser cavity loss in the absence

of quenchers.
k Analyte number inside a microlaser.
g0

n1,Gain

nT,Gain
at the lasing threshold for an unquenched

microlaser.
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g n1,Gain

nT,Gain
at the lasing threshold for a quenched

microlaser.
tGain Lifetime of the gain molecules.
tFl Lifetime of the fluorophores.
Nq Number of quenchers inside a microlaser.
S Number of the substrate molecules during reaction.
S0 Initial number of the substrate molecule.
C2 Reaction constant for enzyme-substrate reaction.
T Reaction time for enzyme-substrate reaction.
It Lasing threshold in units of flux for the microlaser.
Iexpth Experimentally measured pump intensity (or flux).
RCollect Photon collection efficiency of the photodetector in

experiments.
RSens Sensitivity ratio between the microlaser quenching

and fluorescence-based methods.
α Absorption parameter for the non-linearity of opti-

cal absorption for the fluorescence-based biosensor.
V0 Volume of the microlaser cavity.
Isat,Gain Saturation photon flux of the gain molecule.
Isat,Fl Saturation flux of the fluorophore.
C Concentration of the analytes in the liquid sample.
ki Analyte number on the ith microlaser.
mc Mean of the analyte molecule number distribution.
sc Standard deviation of the analyte molecule number

distribution.
μFl
c Mean of the signal intensity distribution for the

fluorescence-based method.
σFl
c Standard deviation of the signal intensity distribu-

tion for the fluorescence-based method.
μth
c Mean of the signal intensity distribution for the

microlaser quenching method.
σth
c Standard deviation of the signal intensity distribu-

tion for the microlaser quenching method.
PFl Total photon emission rate in the fluorescence-

based method.
P exp
th Experimentally measured photon emission rate in

the fluorescence-based method.
Pth Pump photon absorption rate at the lasing threshold.
N1,Fl Number of fluorophores in the excited state.
P enzyme
th Sensing signal for the enzyme labelling method.

Qe Quantum yield of the fluorophore.
Ip,Fl Flux of the excitation light in the fluorescence-

based method.
σ a,Fl Absorption cross section of the fluorophore.
SFl Emitted photon rate change in response to the

change of the analyte number.
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Σa,Gain Total absorption cross section of the gain molecules
inside the microlaser at the pump wavelength.

β Absorption parameter for the non-linearity of
optical absorption for the microlaser quenching
method.

I. INTRODUCTION

B IOASSAYS are critical for biological research and clin-
ical diagnosis. Their working principle is to convert the

presence of molecules of interest (analytes) into measurable
quantities, such as luminescence intensities or spectral shifts.
Among these methods, enzyme-linked immunosorbent assay
(ELISA) has been proven to be a sensitive and highly specific
platform [1], [2]. In ELISA, capture antibodies are immobilized
on a reaction surface and bind to analytes. Detection antibodies
tagged with enzymes then bind to the captured analytes. Upon
addition of a suitable substrate, the enzyme–substrate reaction
generates light signals (i.e., chemiluminescence) [3], [4]. Al-
ternatively, substrate-free detection schemes employ tagging
detection antibodies with fluorescent labels [5] (i.e., dyes [6]
and quantum dots [7], [8], [9]) to generate light signals (i.e.,
fluorescence). The light signals are measured to quantify the
analyte concentration. In conventional bioassays, since the mea-
sured signal varies continuously with the analyte concentration,
it is called analog detection [10], [11], [12], [13], [14].

Recently, digital ELISA was developed to improve sensitivity
and detection limit [15], [16], [17], [18], [19], [20], [21], [22].
This approach allocates analytes to an ensemble of microunits
or microcompartments (such as microbeads) and then counts
the fraction of these microunits that emit light. Poisson statistics
are subsequently applied to the microunits with the assumption
that the average analyte number per microbead is far below
one [23]. When the analyte concentration is high, however, the
above assumption breaks down, which limits the applications of
digital ELISA in high-analyte-concentration scenarios. Some
strategies have been explored, including stitching the digital
detection calibration curve with the analog detection calibration
curve [16], [22] or extrapolating the calibration curve beyond
the single-analyte assumption [24]. However, stitching causes
discontinuity in digital and analog calibration curves due to
the two completely different methods used to obtain the digital
and analog sensing signals [24]. A unified method with a high
dynamic range to cover both the lower and the upper ends
of the analyte concentration without any artificially introduced
digital-to-analog transition is highly desirable.

In this work, we propose and analyze a bioassay platform
using a microlaser ensemble, where a microlaser is used as
the microunit. We first show that the lasing threshold of a
microlaser is modulated by the number of analytes it captures.
We then present a detailed theoretical model to describe the
quantitative relation between the lasing threshold increase in a
microlaser and the number of analytes it captures. Subsequently,
a statistical model is proposed to generalize the model from
a single microlaser to an ensemble of microlasers, allowing
higher repeatability of the system. We show that in this detection
scheme, by measuring the increase of the lasing threshold,

Fig. 1. (a) A sketch of the single microlaser model. The top and bottom mirrors
form a Fabry-Perot cavity. Capture antibodies (biorecognition molecules) are
coated on the surface of the gain medium and bind to molecules of interest
(analytes). After binding, quenchers are produced inside the cavity, causing
an increase in the lasing threshold of the microlaser. As a result, the initial
“bright” microlaser that has laser emission (meaning that the external pump is
higher than the lasing threshold) is quenched and becomes a “dark” microlaser
(meaning that the same external pump is lower than the new lasing threshold)
(b) Schematic showing the relationship between the external pump and the lasing
threshold values before and after the presence of the quenchers. The presence
of the quenchers turns the bright microlaser into a dark microlaser.

our microunit (i.e., microlaser) can differentiate the number of
analytes. This helps our system to overcome the constraining
assumption of digital ELISA that the average analyte number
needs to be much smaller than one. As a result, our system shows
a high dynamic range, while still achieving a low detection limit.

II. SINGLE MICROLASER ASSAY MODEL

We first consider a bioassay model using a single microlaser
as shown in Fig. 1(a). For a laser to operate, we need (1) a gain
medium (such as dyes and semiconductor materials), (2) optical
feedback provided by an optical cavity (such as a Fabry-Perot
cavity or a ring resonator), and (3) an external pump (such as
optical pump and electrical pump). Laser emission is achieved
when the external pump is above the lasing threshold.

The inside of the laser cavity can be coated or filled (func-
tionalized) with biorecognition molecules such as capture an-
tibodies. These capture antibodies (or other biorecognition
molecules) bind to analytes specifically. Without losing gen-
erality, the surface of the gain medium inside the laser cavity
is coated with capture antibodies as shown in Fig. 1(a). Then,
the test sample is added into the laser cavity, and analyte
molecules are captured. A labelling step is performed, where
light-absorbing molecules (quenchers) are introduced into the
cavity to tag the captured analytes. The presence of these
quenchers increases light absorption in the cavity and hence
the lasing threshold. Fig. 1(b) illustrates this increase in lasing
threshold, and how this increase can be observed with a given
external pump. Initially, when no quencher is present in the laser
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cavity, the external pump is larger than the lasing threshold
and the laser emission can be observed (“bright” microlaser).
After adding quenchers into the microlaser, the increased lasing
threshold surpasses the external pump, the laser emission is
turned off (“dark” microlaser). In this work, we focus on using
the increase in the lasing threshold of a microlaser to recover the
number of analytes in the laser cavity.

Here we use dye as the gain medium to give a quantita-
tive description of the lasing threshold change in a micro-
laser with respect to the number of captured analytes. The
overall derivations can easily be extended to other lasers,
such as semiconductor lasers. The definitions of all variables
can be found in the Nomenclature. For this microlaser to
lase, the following condition should be met [25], [26], [27],
[28]:

n1,Gainσe,Gain ≥
(nT,Gain − n1,Gain)σa,Gain + L+ nqσa,q, (1.1)

where nT,Gain is the total density of the laser gain molecules
(i.e., dyes) in the microlaser. n1,Gain is the density of the laser
gain molecules in the excited state. σe,Gain and σa,Gain are
the emission and absorption cross section of the laser gain
molecule at the lasing wavelength, respectively. L is the intrin-
sic single-trip laser cavity loss in the absence of quenchers.
nq and σa,q are the quencher’s density and the absorption
cross section at the lasing wavelength, respectively. In (1.1),
the presence of quenchers leads to an increased lasing thresh-
old. By flipping the sign of the term σa,q (that is, replacing
σa,q with σe, the emission cross section of a light-emitting
molecule) the model can be used for the case where light-
emitting molecules are used to decrease the lasing threshold.
The detailed equations that analyze the lasing threshold change
can be found in [25]. However, (1.1) provides better insight into
the microlaser lasing threshold behavior. Rearranging (1.1), we
have:

n1,Gain

nT,Gain
≥ σa,Gain

σe,Gain + σa,Gain

[
1 +

L

nT,Gainσa,Gain

]

+
nqσa,q

nT,Gain (σe,Gain + σa,Gain)
, (1.2)

which can be approximated as:

n1,Gain

nT,Gain
≥ σa,Gain

σe,Gain

[
1 +

L

nT,Gainσa,Gain

]

+
nqσa,q

nT,Gainσe,Gain
, (1.3)

because sa,Gain (∼10−18 cm2 for dyes) is usually much smaller
than se,Gain (∼10−16 cm2 for dyes). Therefore, at the lasing
threshold, (1.3) becomes:

γ =
n1,Gain

nT,Gain
= γ0 +Xnq, (1.4)

where γ0 and X are:

γ0 =
σa,Gain

σe,Gain

(
1 +

L

nT,Gainσa,Gain

)
, (1.5)

X =
σa,q

nT,Gainσe,Gain
. (1.6)

Equation (1.4) states that for a microlaser in the absence of
quenchers, we have γ ( nq = 0) = γ0, which corresponds to
n1,Gain

nT,Gain
at the lasing threshold for an unquenched microlaser. γ

increases linearly with respect to the quencher density nq , that
is, in the presence of quenchers, the microlaser needs to receive
a higher pump intensity (or flux) and hence a higher n1,Gain

nT,Gain
to

reach the lasing threshold.
Without losing generality, we use a four-energy-level laser

system model, which is suitable for dye lasers. At the lasing
threshold, we have:

γ =

Ith
Isat,Gain

Ith
Isat,Gain

+ 1
=

Ĩth

Ĩth + 1
, (1.7)

where Ith is the lasing threshold in a unit of flux (Jm−2s−1) for
the laser. Isat,Gain = (sa,GaintGain)−1 is the saturation flux of the
gain molecule, where sa,Gain and tGain are the absorption cross
section and the lifetime of the gain molecule, respectively. Ĩth
is the dimensionless normalized lasing threshold to simplify the
expression. This increase in the lasing threshold can be measured
as pump intensity (or flux) Iexpth in experiments. Let Reff be
an efficiency that considers the difference between the pump
intensity measured experimentally (Iexpth ) and the actual pump
intensity seen by the gain molecules, we have:

Ĩth = Reff
Iexpth

Isat,Gain
=

Iexpth

Inorm
. (1.8)

A. Quenchers vs. Captured Analytes

From the derivations above, it is clear that the lasing threshold
is directly related to the number of quenchers present in the
microlaser. Below, we will discuss the relationship between the
number of quenchers and the number of analytes captured by
the microlaser. There are two major methods of introducing
quenchers into the microlasers. The first method is direct la-
belling, where quenchers are conjugated onto antibodies. These
antibodies then bind to the captured analytes specifically. In
this method, the ratio between the number of quenchers and
the analyte number is constant. The second method is enzyme
labelling. In this method, enzymes (which do not directly absorb
light) are conjugated with the antibodies, which then bind to the
captured analytes. Subsequently, substrate molecules are added
to the microlasers. Enzymes catalyze the substrate molecules to
produce quenchers. In this process, the quencher-analyte ratio
is no longer constant.

B. Direct Labelling

We start from the relation between quenchers and analytes:

nq =
1

M
k, (1.9)

where M is the analyte-quencher ratio, and k is the number of
analytes captured in a microlaser. Note that the above equation
is linear and works when the number of quenchers is low. For a
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high number of quenchers, we have:

nq =
1

M

k

1 + αk
, (1.10)

where α is a parameter that accounts for the saturation effect of
optical absorption at a high quencher number. At a low quencher
number, (1.10) becomes (1.9), since α is small. Using (1.4), we
have the form of the relation between the lasing threshold and
the analyte number:

γ =
n1,Gain

nT,Gain
= γ0 +

X

M

k

1 + αk
, (1.11)

This gives us the relation:

k =
(γ − γ0)

M
X

1 − α (γ − γ0)
M
X

=

⎛
⎝ I

exp
th

Inorm
− I0

Inorm(
I
exp
th

Inorm
+1

)
( I0

Inorm
+1)

⎞
⎠ M

X

1 − α

⎛
⎝ I

exp
th

Inorm
− I0

Inorm(
I
exp
th

Inorm
+1

)
( I0

Inorm
+1)

⎞
⎠ M

X

, (1.12)

where all variables are defined in the previous equations. I0 is
the lasing threshold of the microlaser measured experimentally
when there is no analyte (or quencher) present. It is connected
to γ0 through:

γ0 =
Ĩ0

Ĩ0 + 1
=

I0
Inorm

I0
Inorm

+ 1
. (1.13)

C. Enzyme Labelling

Quenchers can also be produced by enzyme-catalyzed re-
actions. First, we study the relation between the number of
quenchers, nq, and the analyte number, k, associated with a
microlaser, and establish a relation similar to (1.10). In enzyme
labelling, the ratio between the number of enzymes and the
number of analytes is constant, while quenchers are produced
in a subsequent enzyme-catalyzed reaction. We assume that the
number of enzymes inside a microlaser, D, has a simple form
of D = C1 k, where C1 is the enzyme-to-analyte ratio. In a
microlaser model with limited substrate molecules for reaction,
let S be the total number of substrate molecules during the
reaction, S0 be the initial number of substrate molecules, C2

be a reaction constant, and T be the reaction time, we have:

dS

dt
= − C2

D

V0
S = − C2C1

kS

V0
, (1.14)

nq =
Nq

V0
=

S0 − S (T )

V0
=

S0

V0

(
1− 1

eC1C2kT/V0

)
,

(1.15)

where V0 is the volume of the microlaser cavity. Equation (1.14)
states that in the enzyme-catalyzed reaction, where the substrate
molecules are consumed, the reaction rate is proportional to the
enzyme number and the substrate molecule number. Equation
(1.15) states that the number of quenchers is proportional to
the product of the reaction, which can be expressed as the total

number of substrate molecules consumed. When C1C2kT/V0

is small, nq is approximately linear with respect to k. However,
when k and T become higher, this linear relationship starts to
deviate. From (1.15), we can establish the relation between nq

and k for a fixed reaction time:

nq = A

(
1− 1

eEk

)
, (1.16)

where A and E are two constants. Substituting (1.16) into (1.4),
we have:

γ = γ0 +XA

(
1− 1

eEk

)
, (1.17)

which connects the fraction of the gain molecules in the excited
state at the lasing threshold (i.e., γ) to the number of analytes
captured by the microlaser.

Next, we connect the analyte number on a microlaser with the
experimentally measured lasing threshold of a microlaser Iexpth .
Considering the boundary condition that states that when the
analyte number on the microlaser is high, the microlaser breaks
down (Ith → ∞), we have:

limk→∞ (γ) = 1, (1.18)

which leads to a simplified form of (1.17), i.e.,:

γ = γ0 + (1− γ0)

(
1− 1

eEk

)
. (1.19)

γ0 and its relationship with I0 are defined in (1.13). The
expression of the experimentally measured lasing threshold
of a microlaser with respect to the analyte number inside the
microlaser is:

Iexpth − I0 = (Inorm + I0) (eEk − 1), (1.20)

which in turn leads to:

k =
ln

(
Iexp
th +Inorm

I0+ Inorm

)
E

. (1.21)

Equation (1.21) shows how to obtain the analyte number
associated with a microlaser using the experimentally measured
lasing threshold. Inorm and E can be obtained using function
fittings from experimental data.

In summary, through (1.12) and (1.21), the number of analytes
captured by the microlaser, k, is directly connected to the lasing
threshold of the microlaser, Iexpth . The constant, Inorm, is defined
by (1.8), but in practice, it can be obtained using function
fittings from experimental data. So far, we have established the
fundamental theory to perform bioassays using single micro-
lasers. From (1.12) and (1.21), one can establish a calibration
curve that connects the calculated k value with the test sample
concentration C.

III. MICROLASER ENSEMBLE ASSAY MODEL

In the previous section, we established the theory for using
single microlasers for bioassays. In this section, we generalize
the results from single microlasers to a microlaser ensemble
as illustrated in Fig. 2(a). A microlaser ensemble is defined
as a large quantity (>103) of identical and optically isolated
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Fig. 2. (a) Illustration of an ensemble of microlasers used for measuring
analyte distribution after capturing analytes. When the ensemble is pumped
at a constant pump intensity, not all microlasers lase due to a distribution of
analytes, which leads to a distribution of lasing thresholds. (b) Lasing threshold
distribution in a microlaser ensemble. The green-shaded area represents the
lasing fraction of the ensemble when pumped at a specific pump intensity.
(c) Distribution of analytes in the same ensemble as in (b). The blue-shaded
area represents the fraction of analytes that corresponds to the bright microlasers
(lasing fraction) in (b), showing that pumping at one pump intensity is equivalent
to probing the number of analytes lower than a specific value. Therefore, by
scanning the pump intensity in (b), we can map the analyte distribution in (c).

microlasers. During an assay, the microlaser ensemble interacts
with the liquid sample containing analytes. In the incubation
step, analytes bind to each microlaser in the same manner as
discussed in the previous section. The binding process leads to
a distribution of analytes in the microlaser ensemble. Using the
distribution measurements from the microlaser ensemble (such
as the mean of analyte number captured by microlasers) can
effectively reduce the variance in experiments caused by the
fluctuation in the analytes captured by a microlaser (from the
randomness of analyte binding) and the inherent lasing threshold
variation (from the microlaser fabrication process) from a single
microlaser.

We use a few assumptions to build a model to describe the
distribution of analytes in the ensemble. In the analyte binding
step, the microlasers in the ensemble are identical. Furthermore,
we assume that the occurrence of binding events is independent.
From these, the distribution of analytes in the microlasers can
be described by a Poisson distribution. In actual assays, the
analyte-to-microlaser ratio often exceeds 1000 (for example, a
test sample with a volume of 100 μL and concentration of 20 fM
interacting with a microlaser ensemble of 103 microlasers). For
a Poisson distribution with a large mean value, we approximate
it with a Gaussian distribution. In the Discussion and Conclusion
section, we will present more advantages of using a Gaussian
distribution.

For microlaser j in the ensemble, if kj is the number of
analytes captured by this microlaser, we have:

kj ∼ Gaussian (μc, σc) , (2.1)

where μc and σc are the mean and the standard deviation
of the distribution of analytes. They e dependent on C, the
concentration of the analytes in the liquid sample. Below, we
present a method of measuring the analyte number distribution
on a microlaser ensemble by measuring its lasing threshold
distribution.

Under a fixed pump intensity, Iexppump(i), we count the number
of lasing microlasers (“bright”) to calculate the lasing fraction
in the microlaser ensemble. These lasing microlasers all have
lasing thresholds smaller than or equal to the pump intensity,
as illustrated in Fig. 2(b). Therefore, by changing the pump
intensity, we probe the lasing threshold distribution in the mi-
crolaser ensemble. From the conclusion in the previous section,
probing the lasing threshold distribution is equivalent to probing
the distribution of the analytes in the microlaser ensemble, which
is illustrated in Fig. 2(c). Mathematically, it can be stated as the
lasing fraction and the pump intensity follow the equation below:

Lf(i) = φcumu (ki;μc, σc) . (2.2)

φcumu stands for the standard Gaussian cumulative distribution
function. As discussed in the previous section, at this pump
intensity value Iexppump(i), the microlasers with fewer than ki
analytes have laser emission (“bright” microlasers) and those
with more than ki analytes do not have laser emission (“dark”
microlasers). For direct labelling, we have:

ki =

⎛
⎝ I

exp
pump(i)

Inorm
− I0

Inorm(
I
exp
pump(i)

Inorm
+1

)
( I0

Inorm
+1)

⎞
⎠ M

X

1 − α

⎛
⎝ I

exp
pump(i)

Inorm
− I0

Inorm(
I
exp
pump(i)

Inorm
+1

)
( I0

Inorm
+1)

⎞
⎠ M

X

, (2.3)

whereas for enzyme labelling, we have:

ki =
ln

(
Iexp
pump(i)+Inorm

I0+ Inorm

)
E

, (2.4)

where Iexppump(i) denotes a specific pump intensity. By using
multiple pump intensities, we can obtain a set of data, [(Lf(i),
Iexppump(i))], which can be used to fit the standard Gaussian cu-
mulative distribution and obtain μc and σc. Finally, by using the
one-to-one correspondence between the distribution of analytes
μc (and σc) and the analyte concentration, C, in the liquid
solution, we can obtain the analyte concentration. This corre-
spondence between μc (and σc) of a microlaser ensemble and
the analyte concentration, C, can be established by a calibration
step experimentally.

In Fig. 3, we show a comparison of our method with digital
ELISA. In digital ELISA, a positive signal indicates that one
and only one analyte is present in the microunit. The microunit
is saturated when more than one analyte is in it, as illustrated in
Fig. 3(a). For an ensemble of microunits, the average number
of analytes per microunit must be much lower than one so
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Fig. 3. (a) Response function of a microunit for digital ELISA. It is saturated
when there is more than one analyte present, leading to a limited dynamic range.
(b) Response functions of a microlaser. By changing the external pump, the
microlaser can be tuned to differentiate different numbers of analytes, which
allows the microlaser-based method to have a much higher dynamic range.

Fig. 4. A plot showing the change of lasing fractions of microlaser ensembles
with respect to the mean analyte number on the microlaser ensembles at fixed
external pumps. Pump I1 = 25 μJ/mm2, Pump I2 = 50 μJ/mm2, Pump
I3 = 100 μJ/mm2, Pump I4 = 200 μJ/mm2, Pump I5 = 400 μJ/mm2,
Pump I6 = 800 μJ/mm2. We set the constant values I0 = 20.0 μJ/mm2,
Inorm = 10.0 μJ/mm2, these are the values that are comparable to our exper-
iment observations in [29]. Unlike conventional sensors, our microlaser-based
method has multiple calibration curves. The sensitivity, i.e., the slope of the
curve, of the same microlaser ensemble can be tuned by the external pump.

that the contribution of the saturated microunits is insignificant.
In contrast, for the microlaser-based method, we can perform
multiple quantized signal readouts by scanning across the lasing
threshold, which can be easily done by tuning the external pump,
as schematically illustrated in Fig. 3(b) and mathematically
described in (2.3) and (2.4). Therefore, our method lifts the
constraint that the average number of analytes per microunit
should be much lower than one, thus achieving a higher dy-
namic range. Practically, digital ELISA usually uses 105-106

microunits to ensure that the number of microunits is far higher
than the number of analytes to be analyzed. In contrast, in the
microlaser-based method, the number of microlasers can be only
103-104, as shown in our experiments published elsewhere [29].

In Fig. 4, we show, as an example, a simulated plot of
lasing fraction as a function of the mean analyte number on
microlaser ensembles when quenchers are produced by enzyme-
catalyzed reactions. Here, the mean analyte number can be used
for concentration recovery in the test sample. Notice that an
experimental calibration curve is needed to establish the relation

between the mean analyte number and the analyte concentration.
This relation depends on multiple experimental factors such
as the affinity between the capture antibodies and analytes,
incubation time in the binding process, and surface density of
capture antibodies on microlasers. This is beyond the scope of
this work. For an experimentally established calibration relation
between the mean analyte number and lasing fractions, refer to
[29]. From (2.4), we can obtain a group of functions, where each
function shows the lasing fraction of the microlaser ensemble
changes with the analyte concentration in the test sample when
the external pump is set at a specific value. In our simulation,
the values of the external pumps are set from 25 μJ/mm2 to
800 μJ/mm2. Other parameters are set as: I0 = 20.0 μJ/mm2,
Inorm = 10.0 μJ/mm2, and E = 1. The distributions of analytes
are approximated by Gaussian distributions (with an extra con-
dition where σ2 = μ). Unlike conventional biosensors, where
there is only one calibration curve (showing the relationship
between the sensor signal and the analyte concentration), our
platform offers multiple, nonlinearly related calibration curves.
These curves cover a broad range of analyte concentration and
increase the dynamic range of the platform.

IV. SENSITIVITY ANALYSIS

In the previous sections, we investigated the assay mechanism
based on microlaser ensembles. By measuring the change of
the lasing threshold distribution of microlasers, one can cal-
culate the distribution of analytes on the microlasers, which
can then be used to recover the analyte concentration in the
test sample. While traditional fluorescence-based methods can
also be used to perform a similar measurement strategy, we
will show that the sensitivity of the fluorescence-based meth-
ods is orders of magnitude smaller than our microlaser-based
method.

A. Sensitivity of Fluorescence-Based Sensors in Detecting
Analyte Distribution

To compare the sensitivity of the microlaser-based methods
with conventional fluorescence-based methods (tagging analytes
with dyes, quantum dots, and engineered fluorescent molecules,
etc.), we calculate the signal change for each sensor per captured
analyte. For the fluorescence-based sensor, the fluorescence
intensity is used to quantify the analyte. We assume that each
analyte has only one fluorophore attached to it. When k analytes
are attached to the sensor, the signal intensity, represented by
the total photon emission rate PFl, is:

PFl =
Qe

τFl
N1,F l, (3.1)

where N1,Fl is the number of fluorophores in the excited state.
tFL and Qe are the lifetime and quantum yield of the fluorophore,
respectively. N1,Fl is related to the total number of fluorophores
NT, Fl ( = k) by:

Ip,F lσa,F l (NT, F l −N1, F l)

= Ip,FL σa,F l (k −N1, F l) =
N1, F l

τFl
, (3.2)
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where Ip,Fl is the flux of the excitation light and sa,Fl is the
absorption cross section of the fluorophore. Combining (3.1)
and (3.2), we have:

PFl =
Qe

τFl

Ip,F lσa,F lτFl

1 + Ip,F lσa,F lτFl
k =

Qe

τFl

Ip,FL

Isat,Fl

1 +
Ip,FL

Isat,Fl

k, (3.3)

where Isat,Fl = (sa,FltFl)−1 is the saturation flux of the fluo-
rophore. Practically, only a portion of the emitted photons can
be collected. Therefore,

PExp
Fl = RCollect

Qe

τFl

Ip,Fl

Isat,Fl

1 +
Ip,Fl

Isat,Fl

k, (3.4)

where PExp
Fl is experimentally measured photon emission rate

and RCollect is the photon collection efficiency.
The sensitivity of fluorescence-based methods, SFl, is defined

as the emitted photon rate chge in response to the change of the
analyte number, i.e.,

SFl =
dPExp

Fl

dk
= RCollect

Qe

τFl

Ip,Fl

Isat,Fl

1 +
Ip,Fl

Isat,Fl

, (3.5)

which gives the photon emission rate change when the analyte
number changes from k to k+1.

B. Sensitivity of Microlaser-Based Sensors in Detecting
Analyte Distribution

Now we calculate the sensitivity for our microlaser-based
method. The sensor signals from microlaser-based sensors are
lasing thresholds of the microlasers. For comparison purposes,
we assume that each analyte has only one quencher molecule
associated with it. This is a fair comparison to the fluorescence-
based method discussed previously, where each analyte has only
one fluorophore attached to it. This is different from the model
where multiple quenchers can be generated for each analyte.
According to (1.7), the lasing threshold of the microlaser, Ith,
can be expressed as

Ith = Isat,Gain
γ

1 − γ
. (3.6)

where Isat,Gain is the saturation photon flux of the gain molecule
and g is given by (1.4)

γ = γ0 +X nq = γ0 +X
k

V0
, (3.7)

where V0 is the microlaser volume that converts the number
of quenchers (or analytes) into the density of quenchers (or
analytes).

The sensitivity of microlaser-based detection is defined as the
lasing threshold change in response to the change of the analyte
number from k to k+1, i.e.,

dIth
dk

= Isat,Gain

(
1

(1 − γ)2

)
X

V0
. (3.8)

To further simplify (3.8), without losing generality, we assume
that sa,q = se,Gain. As a result, (3.8) becomes:

dIth
dk

=
Isat,Gain

V0nT

1(
1− γ0 − k

V0nT,Gain

)2 . (3.9)

Note that the sensitivity defined in (3.9) has a unit of m−2s−1

(excitation photon flux), which is different from SFl, which
carries a unit of s−1. To make a direct comparison, we use the
following equations to convert the photon flux into the photon
absorption rate (in a unit of s−1).

ΣPump
a, Gain = σPump

a, GainV0nT,Gain, (3.10)

Pth = IthΣ
Pump
a, gain (3.11)

Sa,Gain is the total absorption cross section of the gain
molecules inside the microlaser at the pump wavelength. Pth is
the interaction rate between the pump photons and the entire gain
molecules within the microlaser (or pump photon absorption
rate at the lasing threshold). According to the above conversion,
the sensitivity of the microlaser-based method, SLaser, can be
defined as

SLaser =
dPth

dk
=

1

τGain

1(
1− γ0 − k

V0nT,Gain

)2 . (3.12)

From (3.12), we can see that when k (the analyte number) is
small as compared to the total number of gain molecules, which
is on the order of 1010 for a microlaser (for a dye laser with
concentration on the order of 0.1 M and diameter of 5 μm),
SLaser remains a constant. However, when the ratio between the
number of analytes and the total number of the gain molecules
approaches g0, SLaser starts to increase significantly with respect
to k.

C. Comparison Between Fluorescence- and Microlaser-Based
Methods

Based on (3.5) and (3.12), the sensitivity ratio, RSens between
the microlaser-based and fluorescence-based methods can be
expressed as:

RSens =
SLaser

SFl

=
1

RCollect

1

Qe

τFl

τGain

1 +
Ip,Fl

Isat,Fl

Ip,Fl

Isat,Fl

1(
1− γ0 − k

V0nT,Gain

)2 .

(3.13)

For a numerical comparison, we use the values in Table I, and
obtain:

RSens =
1

1.25× 10−6

1(
1− 0.05− k

6 ×1010

)2 . (3.14)

When k <<1010, RSens ∼106, meaning that the microlaser-
based method is much better than the fluorescence-based method
in examining and differentiating the analyte number (k).
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TABLE I
PARAMETERS AND THEIR VALUES USED IN (3.14)

Note that in all the above discussions, we have assumed that
the absorption of the excitation light, Ip,Fl, in the fluorescence-
based method is linear with respect to the analyte concentration
(or fluorophore concentration). That is, the optical absorption
of the excitation light follows the Beer-Lambert law. However,
the reality is that when k is large (so is the analyte/fluorophore
concentration), the Beer-Lambert law breaks down. As a result,
the increase in the fluorescence signal becomes sub-linear with
respect to the increase in the analyte. Mathematically, (3.3)
should be changed to

PFl =
Qe

τFl

Ip,FL

Isat,Fl

1 +
Ip,FL

Isat,Fl

k

1 + αk
, (3.15)

where a is a parameter that accounts for the non-linearity of
optical absorption at a high k. At a low k, (3.15) is reduced
to (3.3). When k is very large, PFl increases sub-linearly. The
sensitivity described in (3.5) becomes

SFl =
Qe

τFl

Ip,FL

Isat,Fl

1 +
Ip,FL

Isat,Fl

1

(1 + αk)2
. (3.16)

Thus, the sensitivity, SFl in (3.5), is no longer constant and it
decreases with respect to k.

Similarly, for the microlaser-based method, when the number
of analytes is high, (3.7) should become

γ = γ0 +X
1

V0

k

1 + βk
, (3.17)

where b is a parameter that accounts for the non-linearity of
optical absorption of the quenchers at a large k (or a large number
of quenchers). Accordingly, the sensitivity described in (3.12)

SLaser =
1

τGain

1(
1− γ0 − k

V0nT,Gain

)2

1

(1 + βk)2

∝ 1

(1− εk)2
1

(1 + βk)2
(3.18)

where

ε =
1

(1− γ0)V0nT,Gain
. (3.19)

Fig. 5. An illustration of sensitivity comparison between the microlaser-based
method and the fluorescence-based method. The sensitivity of the fluorescence-
based method is set to be 1. The solid line shows the sensitivity of each method
without considering the saturation effect. The sensitivity of the microlaser-based
method is calculated using (3.4). The dashed lines show the sensitivity of each
method with saturation effect. For the fluorescence-based method, the sensitivity
is calculated using (3.16), whereas the sensitivity for the microlaser-based
method is shown in (3.18). The saturation factor for the two methods, α and
β, as shown in (3.16) and (3.18), are both set to be 10V0nT,Gain.

Thus, the first term in (3.18) counteracts the second term to
mitigate the sensitivity-decreasing effect at a large k.

To further show the high sensitivity of the microlaser-based
method over conventional fluorescence-based methods, and the
mitigation effect of microlaser quenching against the saturation
effect (absorption), we plot the sensitivity comparison of the two
methods with the numerical values we used for (3.14) in Fig. 5.
The numbers used to estimate the ratio are shown in Table I.
We set the sensitivity value for the fluorescence-based method
without saturation effects to be 1, and the sensitivity for the
microlaser-based method without saturation effect is then in the
form of (3.14). For the comparison of sensitivity with saturation
effect, the sensitivity for fluorescence-based value is shown in
(3.16), where we set the saturation factor α to be 10V0 nT,Gain.
For a fair comparison, we set β, the saturation effect for the
microlaser-based method in (3.18), to be the same as α. Using
(3.16) and (3.18), we can calculate the sensitivity of the two
methods with the saturation effect. Note that for the microlaser-
based method, the mitigation effect averts the sensitivity from
further dropping at high analyte number (where the derivative
of the sensitivity curve becomes positive).

D. Sensitivity of Sensor Ensembles

When an ensemble of fluorescence-based sensors and an
ensemble of microlaser-based sensors are incubated with
the same analyte of a fixed concentration, both ensembles have
the same analyte distribution over their respective sensors within
the ensemble. UsingN(μc, σc) to represent the Gaussian distri-
bution of analytes in both ensembles, e fluorescence signal, PFl,

has a Gaussian distribution denoted by N(μFl
c , σFl

c ), where:

μFl
c = Rcollect

Qe

τFl

Ipσa,F lτFl

1 + Ipσa,F lτFl
μc, (3.20)

σFl
c = Rcollect

Qe

τFl

Ipσa,F lτFl

1 + Ipσa,F lτFl
σc. (3.21)
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Similarly, the microlaser-based sensing signal, Pth, has a
Gaussian distribution denoted by N(μth

c , σth
c ), where:

μth
c =

1

τGain

1

(1− γ0)
2μc, (3.22)

σth
c =

1

τGain

1

(1− γ0)
2σc. (3.23)

Note that for simplicity, we assume that k � V0nT,Gain,
which is usually true in most cases. Equations (3.20)–(3.23)
show how the distribution of analytes over the sensors is trans-
formed to the distribution of the sensing signal. As discussed
previously in Section III-C, 1

τGain

1
(1− γ0)

2 is much larger than

Rcollect
Qe

τFl

Ipσa,FlτFl

1+Ipσa,FlτFl
. Therefore, the mean value and the

spread of the signal distribution in the microlaser-based method
is much larger than the counterparts in the fluorescence-based
method, thus making the microlaser-based method much more
sensitive to detect the analyte distribution within the sensor
ensemble.

E. Sensitivity of Microlasers With Multiple Quenchers Per
Analyte

In the previous sensitivity comparison sections, we set the
number of quenchers to be equal to the analyte number (i.e., Nq

= k) for the sake of fair comparison. We set

dPth

dk
=

dPth

dNq
. (3.24)

For the enzyme method, using P enzyme
th to denote the sensing

signal, we have:

SEnzyme
Laser =

dPEnzyme
th

dk
=

dPEnzyme
th

dNq

dNq

dk
. (3.25)

We further use Camp to represent the number of quenchers
produced by one analyte, i.e.,

Camp =
dNq

dk
. (3.26)

Therefore, the sensitivity of the microlaser-based method is
increased by a factor of Camp when enzyme catalyzed reaction
is employed, i.e.,

SEnzyme
Laser = Camp SLaser. (3.27)

V. DETECTION LIMIT

The detection limit of the system for a specific analyte is
the minimum analyte concentration that produces a measurable
change in the microlaser ensemble. The measurable change in
the microlaser ensemble is a change in the lasing threshold
distribution that is not masked by the system noise. We consider
the major system noise to be the inhomogeneity of the microlaser
ensemble, meaning that the microlasers in the ensemble have
minor differences in lasing thresholds, which may be caused
by factors such as differences in gain medium densities during
doping or other fabrication processes. We use a Gaussian dis-
tribution to approximate the lasing threshold distribution. This
means that when there are no analytes in the system, we can still

measure a lasing fraction similar to (2.2):

Lf(i) = φcumu (k = 0;μ0, σ0) . (4.1)

μ0 andσ0 are the parameters describing the lasing threshold dis-
tribution when no analyte is present. In this picture, μ0 remains
the same as the noise-free case, since the mean lasing threshold
is not changed with the noise source, while σ0 represents a
broadening of the lasing threshold distribution when no analyte
is present.

At the detection limitC0, the mean captured molecule number
for the microlaser ensemble isk0. The new lasing fraction is then:

Lf(i) = φcumu (ki;μ = k0 , σ) . (4.2)

Here, μ and σ are the Gaussian parameters for the microlaser
ensemble after capturing molecules. Since the two factors that
lead to a lasing threshold distribution are independent (inher-
ent gain medium distribution differences and external bonded
molecule number differences), for this change of the lasing
threshold distribution to be measurable, we need to have:

k0 − μ0 > σ0. (4.3)

As indicated in (2.2), μ0 ∼ 0. Therefore, the detection
limit for the system is k0 = σ0. This indicates that a microlaser
ensemble with higher homogeneity will have a lower detection
limit. For the test sample, the detection limit is then the analyte
concentrationC0 that leads to a mean captured molecule number
of k0. The specific value forC0 depends on multiple factors such
as the affinity of analytes to the capture antibodies.

VI. DISCUSSION AND CONCLUSION

When estimating the distribution of analytes, we used a Gaus-
sian distribution instead of a Poisson distribution. In Methods
and Results, we justified the approximation from a Poisson
distribution to a Gaussian distribution when the mean of the
Poisson distribution is large. Here, we give a few more reasons
for using a Gaussian distribution. First, in the analyte binding
step, the binding events are not independent, since there are
limited binding sites on the microlasers. For a microlaser, the
more analytes it has captured, the fewer vacant binding sites
remain, and therefore a smaller probability for the next binding
event. Using a Gaussian distribution can fit the true analyte
distribution better since it has two free parameters, and the mean
and the variance are independent. Even if the depletion effect
mentioned earlier is weak in some cases, and the true analyte
distribution is Poisson-like, using a Gaussian distribution to fit
the true analyte distribution does not introduce extra fitting errors
for the fitted mean analyte number. This is because when we
use a Gaussian distribution to fit a Poisson distribution using
maximum likelihood, the mean and variance of the Gaussian
distribution will be the same as the Poisson distribution. There-
fore, using a Gaussian distribution allows better fitting to the true
analyte distribution over a large range of mean analyte numbers
and hence a large range of analyte concentration.

In conclusion, we presented a bioassay platform based on
microlaser ensembles. We established the quantitative rela-
tionship between lasing threshold changes and the number of
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captured analytes for each microlaser. We proposed a measure-
ment scheme that employs multiple pump intensity scanning
and binary lasing threshold readout (higher or lower than the
pump intensity) of individual microlasers and avoids direct
lasing intensity measurements. This design avoids noise arising
from fluctuations in lasing intensity. We extended this model to
microlaser ensembles, enabling statistical recovery of analyte
distributions through lasing fraction measurements. Measuring
the statistical distribution of the microlaser ensemble reduces
the variance from single microlasers, thus achieving stable op-
tical signals. Furthermore, this system also eliminates the need
for precise integration time tuning or specialized weak-signal
detection devices. A microlaser with a weak lasing signal that
is not detected at one pump intensity will lase strongly at the
next higher pump intensity and be reliably detected. By fitting
the number of bright microlasers to a cumulative distribution
function across multiple pump intensities, the method is robust
against a small fraction of missed microlasers. Each microlaser
functions as a microunit that can read out the number of captured
analytes in the microunit by controlling the external pump. This
gives our platform a high dynamic range over digital ELISA and
its variants, whose microunits only produce binary outputs. We
then showed a detection limit of the platform based on microlaser
ensemble inhomogeneity. While our model demonstrated that
the microlaser ensemble method is no longer bounded by the
saturation problem in digital ELISA, dynamic ranges in assays
are also affected by biochemical factors. Ligand-binding kinet-
ics, non-specific binding and other effects all contribute to the
eventual dynamic range and detection limit of the platform.

Altogether, our theory established microlaser ensembles as
a high-potential and robust bioassay platform that can achieve
a high sensitivity and a high dynamic range. With the recent
developments in integrated photonics and semiconductor fabri-
cation, we foresee that this platform can be implemented using
compact, highly uniform, and low-cost microlaser ensembles,
such as vertical-cavity surface-emitting laser (VCSEL) arrays.
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